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ABSTRACT
Context. The pattern speed of the non-axisymmetric structures of the galactic disc is a key parameter to understand the dynamics in the
Milky Way. For neither the Galactic bar nor the spiral arms it is well determined. All previous determinations have large uncertainties
associated avoiding to shed some light on the nature of these structures.
Aims. To evaluate whether the Tremaine-Weinberg method, as derived by Debattista et al. (2002), for the determination of the pattern
speed of the Galactic bar and the spiral arms is going to be applicable to the upcoming radial velocity data from large surveys like
Gaia, APOGEE, WEAVE and 4MOST.
Methods. We start using simplistic test particles simulations of either Galactic bar or TWA spiral arms to see how the method behaves
and we give a first insight on N-body simulations. We keep on using each time more realistic models until using Gaia mock catalogues.
We characterize the capability of the method by doing a study for di-erent sample sizes, di-erent galactic tracers and by evaluating the
statistical and systematic errors induced by the insterstellar extinction and the Gaia errors.
Results. The derivation of the angular speed of the spiral arms requires full galactic longitude coverage and the availability of stellar
tracers up to at least r ' 2 − 3 kpc from the Sun, whereas for the Galactic bar, the data can be constrained to the inner disc but tracers
have to reach r ' 5 − 6 kpc. We check that both hot and cold populations may be used as long as the size of the sample is of N ∼ 106.
Conclusions. The Tremaine - Weinberg method applied to RVS Gaia data form Red Clump stars is potentially a good tool to derive
the pattern speed of the spiral arms. Its application to the galactic bar shall wait for deeper spectroscopic surveys.
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1. Introduction
Despite the common idea that the structure of the Milky Way is
fairly well understood, there are still many open questions about
its origin and properties. In the case of the Galactic bar, there
has been some debate in the recent years about the presence of a
long bar, which would be tilted approximately 20o with respect
to the COBE/DIRBE bar and it would be ∼ 1 kpc longer (López-
Corredoira et al. 2007). On the other hand, the geometry of the
spiral structure is still unknown, as different tracers give differ-
ent estimates of the pitch angle and the number of arms (Vallée
2008, 2015).
The first suggestion of the Milky Way being a barred galaxy
comes from Vaucouleurs (1964), as an explanation to the non-
asymmetry observed in radio maps. The first evidence of a bar-
like distribution in the stars of the inner Galaxy was observed in
source counts [Weinberg 1992; Hammersley et al. 1994; Stanek
et al. 1994] and in asymmetries in the infrared surface brightness
maps [Blitz & Spergel 1991; Dwek et al. 1995] that systemati-
cally showed more stars at positive galactic longitudes (l ≤ 30o)
near the Galactic Plane. Nowadays there is consensus on the
presence of a stellar bar in the inner Galaxy, but the researchers
are still discussing the exact nature of it. Cabrera-Lavers et al.
(2007) evaluates the possibility of the stellar bar being either a
long thin bar with half length of 4 kpc and a position angle of
φLB ' 45o with respect to the Sun - Galactic Center line, or a tri-
axial bulge with length 2.5 kpc and a position angle of φT B ' 20o
or both of them superposed and finds that the latter is the more
plausible result.
Historically the spiral arms have been characterized using
optical data of young O and B stars, radio observations of the
21 cm line of neutral hydrogen, giant HII regions and CO emis-
sion [Oort, Kerr & Westerhout 1958; Simonson 1970; Georgelin
& Georgelin 1976]. From the maps of OB associations and
HII regions, the CO emissions and the massers in high-mass
star-forming regions a four-armed pattern arise from the data
[Georgelin & Georgelin 1976, Taylor & Cordes 1993, Vallée
2008, Reid et al. 2009], whereas from the COBE K-band ob-
servations (i.e. using the FIR and NIR emission) (Drimmel &
Spergel 2001) and the IR Spitzer/GLIMPSE survey (Churchwell
et al. 2009) only two major arms appear. These major arms are
traced by stellar population (young and mainly old) as enhance-
ments in the spiral tangencies. Though it may not be a general
property of galaxies (Eskridge et al. 2002), many galaxies classi-
fied as flocculent or multi-armed systems in blue, display a two-
armed grand design in the K-band [Block et al. 1994; Kendall,
Kennicutt & Charke 2011].
The pattern speed of a non-axisymmetric feature, such as the
Galactic bar or the spiral structure, is defined as the rotational
velocity a non-inertial reference frame should be rotating at so
the structure is at rest. This velocity is a principal dynamical
parameter, as it determines the orbital structure of the stars in the
disk. The difficulty on studying the large-scale structure and the
dynamics of our own Galaxy due to our position within it is the
reason of the large uncertainty associated with the determination
of the pattern speed of the Galactic bar and of the spiral arms.
Previous attempts to determine the pattern speed of the
Galactic bar have used different methods. The first method con-
sists on comparing the gas flow in hydrodynamic simulations
with the observed Galactic CO and HI lv-diagrams (Englmaier
& Gerhard 1999), whereas the second method estimates the pat-
tern speed from the assumption that the Galactic bar is rotating
fast (as observed in external galaxies) and the length of the bar
(for the COBE/DIRBE bar see Binney et al. 1997 and Bissantz
& Gerhard 2002; for the long bar see Benjamin et al. 2005 and
Cabrera-Lavers et al. 2007). The third method is based on the
interpretation of stellar streams observed in the stellar velocity
distribution in the solar neighbourhood as due to resonant fami-
lies near the outer Lindblad resonance (OLR) of the Galactic bar
(Dehnen 2000).
The assumption of a constant pattern speed for the spiral
arms throughout the disk (Ωsp = Ωsp(ρ) where ρ is the galac-
tocentric radius) is not clear a priori, but it is a good first approx-
imation. The most direct method to determine the pattern speed
of the spiral arms consists on determining the birthplaces of ob-
served open clusters. If the assumption that open clusters are
born in the spiral arms is correct, the distribution of birthplaces
for some age bin should be spiral-like, and by comparing the
spiral distribution for different age bins, the rotation rate can be
estimated (Dias and Lépine 2005). Some other methods used are
the computation of the gas flow in realistic Galactic potentials
and the comparison with the observed CO lv-diagrams (Bissantz
et al. 2003) and the study of the self-consistent response of the
Galactic disk to the two-armed K-band spiral pattern proposed
by Drimmel & Spergel (2001) as a function of its pattern speed
(Martos et al. 2004).
A good determination of the pattern speeds of the Galac-
tic bar and the spiral arms is important to constrain the cur-
rent galaxy formation models, as it gives clues on the for-
mation of these structures. In an scenario in which the two
non-axisymmetric features were formed at the same time, as
could be inferred from the observation that many spirals con-
nect with the bar ends, they would be dynamically coupled and
we should observe similar pattern speeds for both of them. But,
from the most recent observations, the Galactic bar would ro-
tate rapidly with a pattern speed most likely to be in the range
Ωp ' 50 − 60 km s−1 kpc−1 (corresponding to a bar with a cor-
rotation radius at RCR ' 3.5 − 4 kpc), whereas the spiral arms
would rotate much slower with a pattern speed in the range
Ωp ' 17 − 28 km s−1 kpc−1 (see Gerhard 2011). These results
would indicate that the Galactic bar and the spiral structure in
the Milky Way are dynamically decoupled.
The Tremaine - Weinberg method (TW hereafter), described
in Tremaine and Weinberg (1984), was first derived to determine
the pattern speed of external barred galaxies. The importance of
this method relies in its simplicity, as it only depends on kine-
matic arguments to determine the pattern speed. Another major
advantage of this method in front of others is its independence
of the model. Only three assumptions were made to derive the
method: the disk of the galaxy has zero thickness (i.e. any posi-
tion in the disk can be described with the cartesian coordinates in
the disk, (x, y)), the disk has a well-defined pattern speed Ωp and
the surface brightness of the tracer obeys the continuity equation.
Given that our position as observers within the Milky Way
Galaxy (MWG hereafter) disk gives a unique viewing geome-
try which does not permit the TW method to be used, Debattista
et al. (2002) derive an equivalent method that mantains the best
characteristics of the TW; its simplicity and its model indepen-
dency. As with the original TW method, the surface density of
the tracer has to be constant at a reference frame rotating at a
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given pattern speed Ωp and it has to satisfy the continuity equa-
tion. Moreover, the tracer has to be dynamically relaxed so it has
felt the perturbation of the non-axisymmetric feature. Given that
one of the assumptions of both the TW method and the method
derived by Debattista et al. (2002) is that the disk has a well
defined pattern speed, Debattista et al. (2002) argue that, in the
case our galaxy had several non-axisymmetric structures with
different pattern speeds each (as it seems to be in reality), the
method would be able to determine an average of these angular
velocities, but not each of them separately. This consideration is
important as it influences the choice of the tracer for each fea-
ture.
The determination of the pattern speed of the Galactic bar
done by Debattista et al. (2002) is considered the most direct
method to determine it (Gerhard 2011). The authors use a sample
of ∼ 250 OH/IR stars in the inner galaxy and apply their deriva-
tion of the TW method, obtaining a value for the difference be-
tween the pattern rotation velocity and the circular velocity of the
Local Standard of Rest (LSR). The exact values for the pattern
speed depend on the Galactic constants R and VLSR and the ra-
dial velocity of the LSR, uLSR. Assuming the LSR follows a cir-
cular orbit (uLSR = 0 km s−1) and using the values R = 8.5 kpc
and VLSR = 220 km s−1 (Allén & Santillán 1991), they obtain
a pattern speed for the bar of Ωp,b = 59 ± 5 ± 10 km s−1 kpc−1,
where the last uncertainty is systematic and due to the population
used not being fully relaxed.
Upcoming all-sky surveys, such as Gaia or APOGEE-I/II,
will provide information on the three-dimensional positions and
velocities with unprecedented accuracy of the biggest volume of
the galaxy ever seen (e.g. Gaia will observe 1 billion stars around
the Sun). All that data will help unveil some of the unknowns
of our Galaxy. As the surveys will reach farther distances and
given the small observational errors, the data obtained from these
surveys may be used to determine dynamical parameters such as
the pattern speed of the non-axisymmetric structures contained
in the Milky Way.
Our main goal is to study and characterize the derivation of
the TW method done by Debattista et al. (2002) to study whether
it would be applicable to be applied over Gaia data to determine
the pattern speed of the Galactic bar and the spiral arms of the
MWG. To do so, we start applying it over very simplistic simu-
lations, both test particle and N-body, to see how it behaves, then
using each time more realistic test particles models until we end
up using Gaia mock catalogues.
2. Methodology
2.1. The Tremaine - Weinberg method
The second assumption of the Tremaine - Weinberg method, The
disk has a well-defined pattern speed Ωp, states that the surface
density µ of a certain tracer has to satisfy:
µ(x, y, t) = µ(ρ,Ψ −Ωpt) (1)
where (x,y) are the cartesian coordinates on the plane of the
disk and (ρ, Ψ) are the corresponding polar coordinates. This
condition can be understood as a constant surface density at a
reference frame rotating at angular speed Ωp.
Using the continuity equation and ensuring the visible sur-
face density satisfies eq. 1, Tremaine and Weinberg (1984) show















where i is the inclination of the galaxy with respect to the
line-of-sight, µ(X,Y) is the visible surface density of the tracer,
Vlos is the velocity along the line-of-sight, h(Y) is an arbitrary
continuous weight function introduced by the authors and (X,Y)
are galaxy-centered coordinates along the major and minor axis
of the disk, respectively. This method requires a tracer of the
non–axisymmetric feature that satisfies the continuity equation.
For each structure the ideal tracer may change, but in general,
the best tracers for this method are the old populations, as they
are spread all over the disk and their kinematics have been in-
fluenced by the perturbation of the non-axisymmetric potential
introduced by the structure. The conversion between atomic and
molecular states precludes gas to be used as a tracer, though
some modelling can be used to describe such conversions (Bi-
enaymé et al. 1985).
2.2. The Tremaine - Weinberg method for the Milky Way
In Kuijken & Tremaine (1991) it is shown that the continuity
equation can be used to derive an expression for the MWG. De-
battista et al.(2002) starts from their two dimensional derivation
and expands it to three dimensions for an inertial frame. After
discussing the different terms that appear in the equation, they re-
formulate it to take into account the solar motion, given that any
measured radial velocities would be heliocentric. The expression
found by Debattista et al. (2002) to determine the pattern speed
in a three dimensional non-inertial frame is:
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where R is the galactocentric radius of the Sun, ΠLSR and
VLSR are the radial and tangential velocities of the Local Stan-
dard of Rest (LSR hereafter), respectively, f (r) is an arbitrary
analytical function described as selection function (i.e. the prob-
ability of detecting the tracer), v′r,i is the heliocentric radial ve-
locity, v · r̂i is the projection of the peculiar motion of the Sun
in the radial direction and (l, b) are the galactic longitude and
latitude, respectively.
For our study we have assumed a circular orbit for the LSR
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where the pattern speed Ωp is determined from a ratio between
two quantities, K and P, which are further described in eq. 5.
Looking into the expressions, the numerator K is summing
the contribution of the radial velocities over all the particles, thus
measuring the asymmetry in the kinematics field (i.e. when sum-
ming over all the galactic longitudes, the radial velocities of the
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particles following the axisymmetric potential will have opposite
signs and they will cancel out). In the case of the denominator
P, it is summing over the y position of the particles as if all of
them had heliocentric radius of unity (in our models the Sun is
located over the x-axis). This quantity represents the asymmetry
in the density distribution of the particles, as the contribution of
the particles whose position has not been perturbed by the non-
axisymmetric potential will cancel out. From eq. 5 we can see
that these quantities can be understood as the sum of the con-
tributions of the positive galactic longitude region and the neg-
ative region, or of the inner region (1st and 4th quadrants) and
the outer region (2nd and 3rd quadrants). This idea will allow a
more detailed study of the contribution to the determination of
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f (ri) sin(li) cos(bi) → P = P+ + P− (5)
In his derivation, Debattista et al. (2002) assume that any
perturbation to the axisymmetric potential is due to the presence
of a non-axisymmetric feature. They argue that if that structure
can be contained within a certain range in galactic longitude, the
summatories can be restricted to the particles contained in that
region, as the rest of the disk will only feel the axisymmetric
potential and both their radial velocities and their positions will
cancel out. But it has been observed in several studies (Antoja et
al. 2009, 2011 and Monari 2014) that, given a non-axisymmetric
structure such as the Galactic bar or some spiral arms, even if
the overdensity due to the feature could be contained within a
certain range of galactic longitude, the kinematic perturbation is
being felt all over the galactic disk forming the so called mov-
ing groups, which are overdensities in the velocity distribution.
Given this result, we are interested in studying whether the as-
sumption done by Debattista et al. (2002) can be applied over
our models.
2.3. Characteristics of the method
As discussed in eq. 3, Debattista et al. (2002) introduce an ana-
lytic function f (r) as part of his derivation and defines it as the
detection probability of the discrete tracers. We study the method
considering two possibilities for the selection function f (r). In
the first case, we consider that all particles have the same proba-
bility of being detected, thus, f1 = 1, whereas in the second case
we consider as detected all particles within a certain limiting ra-
dius rlim for l ∈ [0, 360o] (i.e. a radial step function):
f3(r) =
{
1 r ≤ rlim
0 r > rlim
(6)
Our intention when using this selection function is to try to
reproduce the observational constraints due to the interstellar ex-
tinction and the limitation in the detected flux with the distance.
2.4. Strategy for the estimation of the error on Ωp
In order to determine the statistical errors, we study the accu-
racy of the TW method based on three aspects: the size of the
sample (i.e. the number of particles N considered), the sampling
used given a certain size N and the effect of the initial random
generation of particles.
First, we compute the TW method for different number of
particles given a certain model and selection function. With this
study we intend to determine the minimum/maximum number
of particles to obtain a good determination of the pattern speed.
Then, we compute the TW method for the same number of parti-
cles as for the previous exercise, but doing several computations
at each size (between 2 − 10, depending on how many subsam-
pling of that size could be done in the original sample), so we can
do an initial estimation of the error bars as half the dispersion
observed. Finally, we study what would have happened to the
recovered pattern speed if the sample would have been slightly
different due to a different initial random initialization. To do
so, we use the bootstrap statistical method of random sampling
with replacement, which consists of reordering the particles in
the original sample allowing the repetition and the replacement
of some of them, obtaining a slightly different sample with which
the pattern speed is recomputed. We have repeated this process
1000 times to have a good distribution of the pattern speed to
be able to use its 75% confidence interval (CI hereafter) as error
bars.
2.5. Study of the asymmetry
As described in eq. 4, the TW method determines the pattern
speed from a ratio between the asymmetry in the kinematics
(represented by K) and the asymmetry in the density (repre-
sented by P). Given that these quantities can be determined from
the contribution of the inner/outer regions of the galaxy or the
positive/negative regions in galactic longitude, their study may
shed some light on the structure of the galaxy.
In the case of an axisymmetric model, it is obvious that its
asymmetries will be null, and thus, the method does not hold for
it and the pattern speed will diverge.
Another interesting question is how do the physical charac-
teristics of the models used influence the asymmetry detected.
Debattista et al. (2002) define two parameters that quantify and









where AK/P = 1 describes a completely asymmetric model. We
use these parameters to study such influence.
3. Simulations and disk mock catalogues
In order to properly test the method, we use different types of
simulations, varying either the physical characteristics of the
method or the type of simulation. We can classify them by the
way the simulations were generated: test particle, N-body simu-
lations or mock catalogues.
A summary of their characteristics can be found in Table 1.
The columns, from left to right, contain the type of simulation,
the name of the model, the imposed pattern speed Ωp,sim, the
initial radial velocity dispersion σU , the amplitude of the spiral
arms Asp, the non-axisymmetric feature contained in the model
and the size of the simulation.
It is important to note the differences between our simula-
tions and the ones used by Debattista et al. (2002). The authors
used very simplistic simulations describing either a central bar
or spiral arms and showed that they were capable of recovering
∆V ≡ ΩpR − VLSR with average errors of ∼ 17% for samples
of 500 stars. In our study we use more realistic simulations and
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we work with samples of minimum N = 106 particles. The in-
crease in the number of particles is due to the low asymmetries
in our models, that require a larger sample to obtain the same
asymmetry signal.
3.1. Simulations with analytical potential
A test particle simulation corresponds to a simulation in which
an analytic galactic potential is set at the beginning and the par-
ticles are evolved within it. If the system is evolved for a suf-
ficiently large time, at the end it becomes dynamically relaxed.
The advantage of this type of simulation to test the TW method
is that, given that one imposes the pattern speed of the non-
axisymmetric feature as part of the initial conditions, we can use
it to verify how accurately the method is recovering it.
Depending on the type of potential set at the beginning, dif-
ferent structures may arise. In this study we use an axisymmetric
simulation and the simulations with a Galactic bar described in
Romero-Gómez et al. (2015) and the simulations of spiral arms
described in Antoja et al. (2011).
The total galactic potential used for the three types of simu-
lations consists of an axisymmetric component and, in the case
of the two latter types of simulations, a non-axisymmetric poten-
tial that describes either the Galactic bar or the spiral arms. The
three types of simulations use the Allen & Santillán (1991) po-
tential for the axisymmetric component. This potential consists
of the superposition of a bulge, a flattened disk and a massive
spherical halo. The first two are described as Miyamoto-Nagai
potentials (Miyamoto & Nagai 1975), and the halo is built as a
spherical potential.
The Galactic bar is described as a 3D bar with a boxy
bulge plus a long bar using a superposition of two Ferrers el-
lipsoids (Ferrers 1877) with non-homogeneity index equal to
n = 1 (Romero-Gómez et al. 2011, Martínez-Valpuesta & Ger-
hard 2011). We study three different bar simulations, in which
the only difference between them is the imposed pattern speed
Ωp (ranging from 40 to 60 km s−1 kpc−1). It is important to note
that the mass of bulge has transferred to the bar at the end of the
integration, so the total mass is conserved. On the other hand, the
spiral arms are described using the TWA model. This model was
derived by Lin & Shu under the Tight-Winding Approximation;
instead of deriving the dispersion relation for a general spiral
wave, they assumed a small pitch angle in order to neglect dis-
tant perturbations (Binney & Tremaine 2008; Lin et al. 1969). In
this case, we study five different simulations which they had ei-
ther different pattern speed Ωp, or radial velocity dispersion σU ,
or amplitude of the spiral arms Asp, to see the effects of each
physical parameter on the method.
3.2. N-body simulations
An N-body simulation is a simulation that has been solved self-
consistently, that is, solving Poisson’s and Boltzsmann equation
at each time step. These are more complex simulations than the
test particle, as the final potential is given from the final distribu-
tion of particles and it cannot be known beforehand.
We use the models NBB1 and NBB5 from Roca-Fàbrega et
al. (2013, 2014). These are fully self-consistent models with a
live exponential disk and live dark matter Navarro Frenk White
(NFW) halo, run with the pure N-body adaptive refinement tree
(ART) code (Kratsov et al. 1997).
The main difference between these models and the test par-
ticle models is that the resulting pattern speed is not constant
through the disk (Ωp , Ωp(ρ)), though it can be used as a first
approximation that it is, thus being a more complex situation (but
also more realistic) for the TW method to correctly recover the
pattern speed.
3.3. Mock catalogues
A mock catalogue is a representation of what a detector is go-
ing to observe assuming a certain tracer. In our case, we are
interested in reproducing observations done by the Gaia satel-
lite and we choose two different tracers for the disk: Red Clump
(RC hereafter) K-giants (K0-1 III stars) and F0 stars. In the case
of the K-giants we assume they have an absolute magnitude of
MK = −1.61 (Alves 2000) without intrinsic dispersion in bright-
ness and intrinsic colors of (V − I)o = 1.0 and (V − K)o = 2.34
(Alves 2000), whereas for the F0 type stars we use an absolute
magnitude of MV = 2.95 (Wainscoat et al. 1992) and an intrinsic
color of (V − I)o = 0.36 (Ducatti 2001).
The reason for choosing these tracers is that they represent
populations that are neither too young nor too old. If one consid-
ers a tracer representing an old population, its velocity dispersion
will be really large (old populations are also known as hot pop-
ulations) and the perturbation in the density will be too small to
detect, whereas if one considers a tracer representing a young
population, its kinematics will not have been influenced by the
galactic potential yet and they will still correspond to the kine-
matics of the birthplace. For that, the ideal populations to use
as tracers are those that are middle aged. Moreover, the tracers
chosen have a high intrinsic brightness, allowing them to be de-
tected from farther away, and thus, to cover a larger volume of
the galaxy.
In order to produce the mock catalogues, we first assign the
corresponding physical parameters of each tracer to the simula-
tion that more closely represents its kinematics. In the case of
the F0 type stars, we assign them to the model TWA0 as it cor-
responds to a simulation with a low velocity dispersion, typical
of a young population (Antoja et al. 2016), whereas for the RC
giants we have assigned them to the models barR22 (Romero-
Gómez et al. 2015) and TWA10, representing a central bar and
spiral arms respectively, as they have larger values of velocity
dispersion corresponding to an older population.
For the mock catalogues of spiral arms, we then apply the
Drimmel extinction (Drimmel et al. 2003) over the models cho-
sen to obtain the absorption each particle of the simulation suf-
fers due to the interstellar dust. We use the code presented
in Romero-Gómez et al. (2015), updated to post-launch perfo-
mance as described in de Bruijne et al. (2014) to simulate the
Gaia errors, restricting our sample to those stars with Grvs ≤
16.1, the limiting magnitude for the spectrometer on board of
Gaia. In this way we obtained the two mock catalogues TWA0_F
and TWA10_RC. This process reduces the size of our simula-
tions from 2 × 107 particles to ∼ 7.5 × 105 particles in the case
of F stars and ∼ 3.3 × 106 particles in the case of the RC giants.
This difference is due the higher intrinsic brightness of the RC
giants in front of the F stars, that make them easier to detect from
farther away.
In an attempt of controlling the effect of the observational
errors in the determination of the pattern speed, we restrict the
mock catalogues for spiral arms to those stars with σπ/π <
10% and σRV < 10 km s−1, producing the mock catalogues
TWA0_F_sbsm and TWA10_RC_sbsm. This constraint re-
duces the size of the sample by a third.
In the case of the mock catalogue for the bar model, we are
interested in studying separately the effect of the interstellar ex-
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Fig. 1. Representation of the positions (X, Y) for the model TWA0
(red dots) and the mock catalogues TWA0_F (blue dots) and
TWA0_F_sbsm (green dots) in which we assume F0 stars to be the
tracers. The first mock catalogue contains all F stars expected to be
seen by Gaia with GRVS ≤ 16.1, whereas in the second mock catalogue
the observational errors are constrained to be σπ/π < 10% and σRV ≤
10 km s−1. The Sun is located at the position (X,Y)| = (−8.5, 0) kpc.
tinction and the effect of the observational errors. As described
in Romero-Gómez et al. (2015), the original model barR22 re-
produces the local surface density of RC stars and it contains
N = 57× 106 particles. Over this model we also apply the Drim-
mel extinction and, aditionally, we apply a cut in the magni-
tude, G ≤ 20, that represents the effect of the dust absorption.
This constraint produces a sample of ∼ 26.3 × 106 which we
call barR22_G20. Over this sample we apply the Gaia errors as
we did for the mock catalogues of spiral arms, restraining to a
magnitude Grvs ≤ 15 and applying a constraint for the observa-
tional errors of σRV < 10 km s−1 and σπ/π < 10%, producing
two mock catalogues of ∼ 4.4 × 106 particles: barR22_RCB
and barR22_NOE. The first contains the observational values
whereas the second one contains their corresponding real values.
Our intention when working with these two mock catalogues is
to see whether the determination of the pattern speed is more in-
fluenced by the introduction of the observational errors or by the
reduction of the sample due to the constraint on the observational
errors.
To see more clearly how the extinction and the constraint of
the errors affect the distribution of the sample, we plot in Figs.
2 - 3 the positions (X, Y) of the original models and the mock
catalogues produced: TWA0, TWA10 and barR22, respectively.
In the three figures it can be clearly seen that the interstellar ex-
tinction blocks part of the galaxy in the direction of the Galactic
Center and introduces an important error in the determination of
the heliocentric distance. It is also worth noticing how the con-
straint in the observational errors reduces the size of the mock
catalogue. In the Fig. 4 we plot the distribution of the heliocen-
tric distances for the bar model barR22 and its mock catalogues.
It can be seen that the extinction and the constraint in the obser-
vational errors limit the maximum distance that can be observed,
though the larger values correspond to the direction of the Galac-
tic Anti-Center (as seen in Fig. 3).
3.4. Setting up the initial conditions
For the values of the tangential velocity of the LSR we have
used VLSR = 220 km s−1 for the test particle simulations (Allen











Fig. 2. Representation of the positions (X, Y) for the model TWA10
(red dots) and the mock catalogues TWA10_RC (blue dots) and
TWA10_RC_sbsm (green dots) in which we assume RC giants to be
the tracers. The first mock catalogue contains all RC giants observed
by Gaia with GRVS ≤ 16.1, whereas in the second mock catalogue
the observational errors are constrained to be σπ/π < 10% and σRV ≤
10 km s−1. The Sun is located at the position (X,Y)| = (−8.5, 0) kpc.











Fig. 3. Representation of the positions (X, Y) for the model barR22
(red dots) and the mock catalogues barR22_G20 (blue dots) and
barR22_RCB (green dots) in which we assume RC giants to be the
tracers. The first mock catalogue contains the effect of the interstel-
lar extinction on the RC population of the model barR22 (G ≤ 20),
whereas in the second mock catalogue the observational errors are con-
strained to be σπ/π < 10% and σRV ≤ 10 km s−1 (i.e. Grvs ≤ 15). The
Sun is located at the position (X,Y)| = (−8.5, 0) kpc.
& Santillán 1991), VLSR = 184 km s−1 for the model NBB1 and
VLSR = 174 km s−1 for the model NBB5. N-body simulations
require different values due to its scaling. In the case of the
Sun’s galactocentric radius we have used R = 8.5 kpc (Allen
& Santillán 1991) and for its peculiar velocity we have used
v = (U,V,W) = (10.0, 5.25, 7.17) km s−1 (Dehnen & Binney
1998) for the test particle bar models and v = (9, 12, 7) km s−1
for the test particle spiral arms models and the N-body simu-
lations (initial value adopted in Antoja et al. 2011 and Roca-
Fàbrega et al. 2013,2014).
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Table 1. Summary of the simulations characteristics. The columns, from left to right, contain the type of simulation, the name of the model, the
imposed pattern speed Ωp,sim, the initial velocity dispersion σU , the amplitude of the spiral arms, the non-axisymmetric feature contained in the
model and the size of the simulation.
Type of Model Ωp σU Asp Non-axisymmetric Number of
simulation (km s−1 kpc−1) (km s−1) ((km s−1)2 kpc−1) feature particles
Test particle
Axisymmetric 0 20 — None 2 × 107
barR20 50 30 —
Galactic bar 6 × 10
6
barR21 60 30 —
barR22 40 30 — 6 × 106, 57 × 106
TWA0 12 20 850
Spiral arms 2 × 107
TWA1 18 20 850
TWA3 30 20 850
TWA10 18 40 850
TWA12 18 20 1300
N-body NBB1 ∼ 30 − 40 — — Bar and spiral arms ∼ 1 × 10
6
NBB5 ∼ 20 − 25 — — ∼ 5 × 106
Mock catalogue
TWA0_F 12 20 850 Spiral arms ∼ 7.5 × 10
5 (∼ 2 × 105)
TWA10_RC 18 40 850 ∼ 3.3 × 106 (∼ 1 × 106)
barR22_G20 50 30 — Galactic bar ∼ 26.3 × 10
6
barR22_RCB 50 30 — ∼ 4.4 × 106

























Grvs <= 15 (V<=16)
Fig. 4. Distribution of the heliocentric distances for the bar model
barR22 (red bars) and the mock catalogues barR22_G20 (grey bars)
and barR22_RCB (blue bars) in which we assume RC giants to be the
tracers.
3.5. Practical application
For this thesis we use different programming languages to write
the codes (Python 2.7, Python 3.5 and Fortran 77) as well as dif-
ferent technical facilities to run them (personal laptop, computer
grid at the Leiden Observatory and Cartesius, SurfSara’s super-
computer). There is a summary of some typical computational
operations and their approximate wall-clock times in Table 2.
4. Results
4.1. Study of the statistical errors
First, we study the behaviour of the method when applied over
samples of different number of particles. In Fig. 5 we plot the
recovered pattern speed using the selection functions f1 and
f3(rlim = 4 kpc) for the spiral arm model TWA0 and for different
number of particles N. It can be seen that the recovered value
Ωp,TW converges towards the imposed Ωp,sim for large samples
using the two selection functions. This result allows us to deter-
mine a minimum number of particles, Nmin, so the method starts
converging towards the imposed value. This number depends on
the model and on the selection function used, but we consider it
to be Nmin ' 1 × 106 particles. This behaviour agrees with our
103 104 105 106 107



















Ωp vs. number of particles for TWA0
f1
f3(rlim = 4 kpc)
Fig. 5. Recovered pattern speed using the Tremaine - Weinberg method
and the selection functions f1 and f3(rlim = 4 kpc) for the spiral arms
simulation TWA0 for different sample sizes N. The dashed line corre-
sponds to the imposed pattern speed.
expectations, as a small sample does not properly describe the
system, and thus, can not be representative of it to obtain a good
determination of the pattern speed.
We then study the behaviour of the method when, for a given
sample size, we change the sampling used. In Fig. 6 we represent
the recovered pattern speed Ωp,TW for a given size of the sample
N using different sampling for the spiral arm model TWA0 and
the selection function f1. We see that the dispersion in the values
gets reduced for larger samples, which is in agreement with the
previous result. This result allows us to do a first estimation of
the error bars as half the size of the dispersion, and so, we can
choose a minimum sample size for which the dispersion due to
the different sampling is already small enough.
Finally, we study how would the recovered pattern speed
change if the sample would have been slightly different. To do
so we use the bootstrap statistical method of random sampling
with replacement. Fig. 7 (top) corresponds to the distribution of
pattern speed result of a 1000 bootstrap for the spiral arm sim-
ulation TWA0 with N = 1 × 107 particles and considering all
the particles (selection function f1). As expected, the recovered
pattern speed from the original sample lies within the 75% con-
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Table 2. Approximate wall-clock time for some typical computational operations.
What Simulation N Selection function Time Computer
TW computation TWA 1 × 107 f1 and f3(rlim = 3, 4, 5, 6) kpc ∼ 10 min Personal laptop
TW for different N TWA 1 × 107 f1 ∼ 20 min Personal laptop
1000 bootstraps TWA 1 × 107 f1 ∼ 4 h Cartesius
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Ωp vs. number of particles for TWA0 (f1)
Fig. 6. Recovered pattern speed using the Tremaine - Weinberg method
for different samplings given a certain sample size for the spiral arm
simulation TWA0 using the selection function f1. The dashed line cor-
responds to the imposed pattern speed.
fidence interval and it agrees with the median of the distribution.
Given that the imposed pattern speed is also between the confi-
dence interval, we are properly recovering the pattern speed for
this model. Using the 75% confidence interval of the Ωp distri-
butions as error bars, we have a determination of the statistical
error of the method. In Fig. 7 (bottom) we represent the pattern
speed of the original sample and its correspondent medians and
errorbars from the bootstrap for two different selection functions
( f1 and f3(rlim = 4 kpc)). We can see that for both selection func-
tions the imposed pattern speed lies within the error bars.
4.2. Tremaine - Weinberg method for different models
After studying the reliability of the method on the sample, we
want to explore whether the underlying physics of each model
may affect the determination of the pattern speed.
To do so, we first examine if the constraint in the galactic
longitudes suggested by Debattista et al. (2002) is valid for our
models and then we study four different characteristics of the
simulations: the pattern speed of the model Ωp,sim, the radial ve-
locity dispersion σU , the amplitude of the spiral arms Asp and
the type of simulation.
4.2.1. TW method for different galactic longitude ranges
It is interesting to see whether the assumption done by Debat-
tista et al. (2002) of reducing the summatories over a range in
the galactic longitude (|l| ≤ l0) if the non-axisymmetric feature
(and its kinematic perturbations) can be contained in them, is ap-
plicable in our models. In Fig. 8 and 9 we represent the results
of applying the TW method over the simulations barR20 and
TWA0, respectively, for two different cases: the first one con-
sidering the particles over |l| ≤ 180o (black round dots) and the
second one considering only the particles within |l| ≤ 90o (or-
ange triangles). The pattern speed of the model is represented by
the dashed line.
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Ωp vs. selection function for TWA0 (N = 1E+07)
Original sample
Bootstrap
Fig. 7. Result of running 1000 bootsrap of the TW method for the spiral
arms simulation TWA0 for N = 1 × 107 particles (top) Distribution of
Ωp,TW for the selection function f1. The dashed black line is the median,
whereas the dotted black lines represent the 75% CI. The Ωp,TW for the
original sample is represented by the solid red line and the imposed
Ωp,sim is represented by the solid blue line. (bottom) Recovered pattern
speed (black stars), median and error bars of each bootstrap distribution
(red lines) for the selection functions f1 and f3(rlim = 4 kpc). The dashed
line corresponds to the imposed pattern speed.
In the case of the Galactic bar, Fig.8 (top), we only recover
the imposed pattern speed when considering all the particles ( f1)
or when going up to, at least, rlim ' 6 kpc. This indicates that
the particles contained in the internal region of the model for he-
liocentric distances less than 6 kpc are not perturbed enough by
the bar and the response spiral arms. The better result obtained
when going up to rlim = 6 kpc is caused by the presence of parti-
cles from the bar overdensity, which is starting to be seen.
For the spiral arms, Fig.8 (bottom), we can see that the
recovered pattern speed in the constrained sample are within
∼ 2 − 3 km s−1 kpc−1 of the pattern speed of the model, except
when going up to rlim = 3 kpc. This result indicates that the in-
ternal region in the spiral arms models contains much more in-
formation than the external region (l > 90o and l < −90o).
From the two non-axisymmetric features considered (Galac-
tic bar and spiral arms), only the overdensity of the bar can be
contained within a range of galactic longitude and, if the kine-
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Ωp vs. selection function for the model barR20 (N = 6.0E+06)
|l| 180 deg
|l| 90 deg
Fig. 8. Result of applying the TW method using different selection func-
tions ( f1 and f3(rlim = 3, 4, 5, 6, 8, 10, 15, 20 kpc)) over the bar model
barR20 using 6 × 106 particles and summing over all the galactic lon-
gitudes (black round dots) or over the range |l| ≤ 90o (orange triangles).
The dashed line corresponds to the pattern speed of the model.The three
outliers correspond to Ωp,TW ' −60, 0, 20 km s−1 kpc−1, respectively.






















Ωp vs. selection function for the model TWA0 (N = 1.0E+07)
|l| 180 deg
|l| 90 deg
Fig. 9. Result of applying the TW method using different selection func-
tions ( f1 and f3(rlim = 3, 4, 5, 6 kpc)) over the spiral arms model TWA0
using 1 × 107 particles and summing over all the galactic longitudes
(black round dots) or over the range |l| ≤ 90o (orange triangles). The
dashed line corresponds to the pattern speed of the model.
matic perturbation can also be contained, the assumption done
by Debattista et al. (2002) is correct. Hence, the pattern speed of
the Galactic bar can be determined from the inner region of the
Galaxy. But in the case of the spiral arms, nor the overdensities
nor the kinematic effects can be contained, thus the assumption
not being valid for these models (despite the good results ob-
tained). From now on, we decide to use the summatories over all
the galactic longitudes when computing the TW method.
4.2.2. TW method and the pattern speed Ωp,sim
We are interested in studying whether the actual value of the
imposed pattern speed influences in the accuracy of the TW
method. To study this, we use two sets of three different sim-
ulations that are identical except for their pattern speeds and that
contain a different non-axisymmetric feature. For the Galactic
bar we use the test particle simulations barR20, barR21 and
barR22, whereas for the spiral arms we use the models TWA0,
TWA1 and TWA3.
We start analyzing the results for the bar models. In Fig.
10 (top) we represent the absolute error between the imposed
pattern speed Ωp,sim and the recovered pattern speed Ωp,TW us-
ing the selection function f3 going up to rlim ∈ [3, 7] kpc with
steps of ∼ 0.1 kpc as a function of the limiting radius rlim for
the three bar models. Three divergences, each corresponding to
a different model, are clearly visible. The position of these di-
vergences appears to be related to the pattern speed; the model
with the lowest angular rotational velocity, barR20, diverges at
∼ 5.2 kpc whereas the model with the highest angular rotational
velocity, barR21, diverges at ∼ 6.1 kpc. This strange behaviour
is related to the behaviour of the asymmetry in the density P,
which is represented for the three bar models in Fig. 10 (mid-
dle) using the selection function f3 as a function of the limiting
radius rlim. It can be seen that at the limiting radius at which
the divergences occurs, rlim ' 5.2, 5.6, 6.1 kpc, respectively,
the corresponding asymmetry in the density is null, P → 0.
This null value is caused by the compensation of the overden-
sities contained within that limiting radius. This physical reason
can be understood with Fig. 10 (bottom), which represents the
non-axisymmetric structures that have arised in the bar model
barR22 at the end of the evolution time. The white cercle has
a radius of r ' 5.6 kpc. It can be seen that the Galactic bar is
not the only non-axisymmetric feature, as some arms and rings
also appear as a response to the bar potential. When one consid-
ers a sample up to certain heliocentric radius containing a small
portion of the bar, this overdensity coming from the bar is ca-
pable of compensating the overdensities due to the other struc-
tures, giving a null asymmetry in the densities for that particular
radius (P|rlim = 0). As the structures produced during the integra-
tion (arms and rings) depend on the pattern speed of the model
(i.e. getting stronger with increasing pattern speed), the radius at
which the density cancels gets a bit larger with increasing pattern
speed (as observed in Fig. 10 (top)).
In Fig. 11 (top) we represent the equivalent to Fig. 10 (top)
for the three spiral arms models TWA0, TWA1 and TWA3. The
only difference is that the limiting radius studied is rlim ∈ [2.5, 6]
kpc with steps of ∼ 0.1 kpc. In this case, we observe that the only
model in which the response substructure produces divergences
is TWA1, whereas for the other two models, the absolute error is
always smaller than 1 km s−1 kpc−1. As previously done for the
Galactic bar, in Fig. 11 (bottom) we represent the asymmetry in
the densities for the three spiral arms models. It can be seen that
only the asymmetry corresponding to the model TWA1 crosses
P = 0 twice, thus producing the two divergences observed in
the top panel of the same figure, as opposite to the other two
models, which do not cross the null value. This result indicates
that, not only the response structures in the case of the spiral
arms depend on the pattern speed of the model, but that the TW
method is highly sensitive to them.
4.2.3. TW method and the radial velocity dispersion σU
The next physical characteristic we are interested in studying is
the radial velocity dispersion. We compare two spiral arms sim-
ulations that were generated using two different radial velocity
dispersions: TWA1 and TWA10. It has been observed that spi-
ral arms simulations with a higher velocity dispersion are less
responsive to the perturbations in the kinematics and in the den-
sity (Antoja 2010), so, given that the TW method determines the
pattern speed from a ratio between the asymmetry in these two
quantities, it is interesting to study whether the value of σU af-
fects the determination of the pattern speed. In Fig. 12 (top) we
find the result of applying the TW method using different selec-
tion functions ( f1 and f3(rlim = 3, 4, 5, 6 kpc)) on a sample of
N = 1× 107 particles of TWA1 and TWA10. We can see that the
values recovered for both models agree with the imposed pattern
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|Ωp, sim −Ωp, TW| vs. limiting radius (f3, N=6.0E+06)
barR20 (Ωp = 40 km s−1 kpc−1)
barR21 (Ωp = 60 km s−1 kpc−1)
barR22 (Ωp = 50 km s−1 kpc−1)
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P vs. limiting radius (f3, N = 6.0E+06)
barR20 (Ωp = 40 km s−1 kpc−1)
barR21 (Ωp = 60 km s−1 kpc−1)
barR22 (Ωp = 50 km s−1 kpc−1)



























Fig. 10. TW method for Galactic bar simulations with different Ωp,sim.
(top) Absolute error between the imposed pattern speed (Ωp,sim) and the
recovered pattern speed (Ωp,TW ) using the selection function f3 up to
rlim ∈ [3, 7] kpc for the three bar models barR20 (blue dots), barR21
(green triangles) and barR22 (yellow triangles). The dashed line cor-
responds to an absolute error of 2 km s−1 kpc−1; (middle) Asymmetry
in the density P for a sample of N = 6 × 106 particles of the three bar
models using the selection function f3(rlim ∈ [3, 7] kpc). The dashed line
corresponds to a null asymmetry.; (bottom) Surface density (Number of
stars /kpc2) in each of the regions of the non-axisymmetric structures of
the bar model barR22. The yellow star shows the Sun position and the
white circle has a radius of ∼ 5.6 kpc [Romero-Gómez et al. 2015].
speed (represented by the dashed line) when considering both
all the sample ( f1) and all particles up to a certain limiting radius
( f3), except when going up to rlim = 5 kpc. The small difference
between the two models, of ∼ 1 km s−1 kpc−1, indicates that the
velocity dispersion of the population used as tracer does not af-
fect in the determination of the pattern speed. To understand the
dispersion observed in f3(rlim = 5 kpc), we represent in Fig. 12
(bottom) the absolute error between the imposed pattern speed
2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0



























|Ωp, sim −Ωp, TW| vs. limiting radius (f3, N=1.0E+07)
TWA0 (Ωp = 12 km s−1 kpc−1)
TWA1 (Ωp = 18 km s−1 kpc−1)
TWA3 (Ωp = 30 km s−1 kpc−1)
2.5 3.0 3.5 4.0 4.5 5.0 5.5















P vs. limiting radius (f3, N = 1.0E+07)
TWA0 (Ωp = 12 km s−1 kpc−1)
TWA1 (Ωp = 18 km s−1 kpc−1)
TWA3 (Ωp = 30 km s−1 kpc−1)
Fig. 11. TW method for spiral arms simulations with different Ωp,sim.
(top) Absolute error between the imposed pattern speed (Ωp,sim) and
the recovered pattern speed (Ωp,TW ) using the selection function f3
up to rlim ∈ [2.5, 6] kpc for three spiral arms models (TWA0, TWA1
and TWA3). The dashed line corresponds to an absolute error of
2 km s−1 kpc−1.(bottom) Asymmetry in the density for the three spiral
arms simulations using the selection function f3 as a function of the
limiting radius. The dashed line corresponds to a null asymmetry.
and the recovered one, |Ωp,sim −Ωp,TW |, on the same models and
for the same number of particles, but only using the selection
function f3 with rlim ∈ [2.5, 6] kpc with steps of ∼ 0.1 kpc. In this
figure it can be seen that for both models there is a divergence
at rlim ∼ 4.7 − 5 kpc. This strange behaviour corresponds to the
divergences explained earlier, which are caused by a compen-
sation of the overdensities within the model. We have repeated
the computation doubling the size of the sample (N = 2 × 107
particles) to see if this effect depends on the number of particles
considered and we see that it does not depend, as the divergence
is still clearly visible.
4.2.4. TW method and the amplitude of the spiral arms Asp
To study the influence of the spiral arms Asp in the determination
of the pattern speed, we compare the results for two simulations
that are identical except for such amplitude: TWA1 and TWA12.
In Fig. 13 (top) there is the result of applying the TW method us-
ing different selection functions ( f1 and f3(rlim = 3, 4, 5, 6 kpc))
for a sample of N = 1 × 107 particles for the models TWA1 and
TWA12. It can be seen that when all particles in the sample are
being considered ( f1) there is a discrepancy of ∼ 2 km s−1 kpc−1
for both models. But if we consider the particles up to a certain
radius rlim, this discrepancy gets smaller, except for the TWA12
model up to rlim = 3 kpc. It is particularly interesting that the
difference between both models is of ∼ 1 km s−1 kpc−1, as this
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Ωp vs. selection function for N = 1.0E+07
TWA1 (σU = 20 km s−1)
TWA10 (σU = 40 km s−1)
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|Ωp, sim −Ωp, TW| vs. limiting radius (f3, N=1.0E+07)
TWA1 (σU = 20 km s−1)
TWA10 (σU = 40 km s−1)
Fig. 12. TW method applied over the spiral arms simulations TWA1 and
TWA10. (top) Recovered pattern speed Ωp,TW using different selection
functions ( f1 and f3(rlim = 3, 4, 5, 6 kpc)) on a sample of N = 1×107 par-
ticles for the models TWA1 and TWA10. The dashed line corresponds
to the imposed pattern speed; (bottom) Absolute error between the im-
posed pattern speed (Ωp,sim) and the recovered pattern speed (Ωp,TW )
using the selection function f3 up to rlim ∈ [2.5, 6] kpc. The dashed line
corresponds to an absolute error of 2 km s−1 kpc−1.
would indicate that the amplitude of the spiral arms does not af-
fect the determination of the pattern speed. In Fig. 13 (bottom)
we have studied in more detail both simulations using the selec-
tion function f3 for rlim ∈ [2.5, 6] kpc with steps of ∼ 0.1 kpc. It
can be seen that the discrepancy found for the model TWA12
model when going up to rlim = 3 kpc is due to a divergence
in the recovered pattern speed at rlim ∼ 3.1 kpc. There are two
more divergences that do not affect the result in Fig. 13 (top), at
∼ 4.2 kpc for the model TWA12 and at ∼ 4.8 kpc for the model
TWA1. As previously discussed, these divergences are due to the
fact that the asymmetry in the density is null at that particular rlim
in which the overdensities are compensated.
4.2.5. TW method and the different type of simulations
The main reason to test the strength of the TW method on N-
body simulations is that these represent a much more realistic
case, and thus, a much more complex scenario than the test par-
ticle simulations. In the N-body simulations, as compared to
the test particle, the outcome of the distribution of particles is
not known beforehand, so it may develop more than just one
non-axisymmetric structure. In the case of the models we have
worked with (NBB1 and NBB5), they contain both a central bar
and some spiral arms. The final pattern speed of these structures
can be considered constant with the galactocentric radius as a
first approximation.























Ωp vs. selection function for N = 1.0E+07
TWA1 (Asp = 850 (km s−1)2 kpc−1)
TWA12 (Asp = 1300 (km s−1)2 kpc−1)
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|Ωp, sim −Ωp, TW| vs. limiting radius (f3, N=1.0E+07)
TWA1 (Asp = 850 (km s−1)2 kpc−1)
TWA12 (Asp = 1300 (km s−1)2 kpc−1)
Fig. 13. TW method applied over the spiral arms simulations TWA1 and
TWA12. (top) Recovered pattern speed Ωp,TW using different selection
functions ( f1 and f3(rlim = 3, 4, 5, 6 kpc)) on a sample of N = 1×107 par-
ticles for the models TWA1 and TWA12. The dashed line corresponds
to the imposed pattern speed; (bottom) Absolute error between the im-
posed pattern speed (Ωp,sim) and the recovered pattern speed (Ωp,TW )
using the selection function f3 up to rlim ∈ [2.5, 6] kpc. The dashed line
corresponds to an absolute error of 2 km s−1 kpc−1.
Our intention is to compare the results of applying the TW
method to a test particle simulation (TWA0) and to a N-body
simulation (NBB5), in order to see whether the more realism
and complexity of the N-body simulations affects the accuracy
of the method.
In Fig. 14 we plot the absolute error between the pattern
speed of the model and the recovered pattern speed, |Ωp,sim −
Ωp,TW |, for the models TWA0 and NBB5 for different selec-
tion functions ( f1 and f3(rlim = 3, 4, 5, 6 kpc)) for different sam-
ple sizes, the dashed line corresponding to an absolute error of
2 km s−1 kpc−1. It is important to note the outlier for the model
NBB5 when using the selection function in which all particles
have the same weight ( f1), the value is at |Ωp,sim − Ωp,TW | '
104 km s−1 kpc−1. When considering all particles we may be in-
troducing some extra information (i.e. some kinematic perturba-
tions not caused by the non-axisymmetric feature) that erases the
weak trace of the pattern speed, thus recovering a very biased
value. Except for that, the rest of the recovered pattern speed
agree relatively well with the pattern speed of the model.
4.3. Study of the asymmetry
From eq. 5, one can understand the asymmetries in the kinemat-
ics and in the density as the sum of the contributions between
the regions with positive/negative galactic longitude. But they
can also be understood as the sum of the contributions between
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|Ωp, sim −Ωp, TW| vs. selection function (f3)
Test particle - TWA0 (N=1E+07)
N-Body - NBB5 (N=5E+06)
Fig. 14. Absolute error between the imposed pattern speed Ωp,sim and
the recovered pattern speed Ωp,TW for the models TWA0 and NBB5 as a
function of the selection functions f (r) ( f1 and f3(rlim = 3, 4, 5, 6 kpc)).
Note there is an outlier for the model NBB5 at the selection function
f1, the value is at |Ωp,sim − Ωp,TW | ' 104 km s−1 kpc−1. The dashed line
corresponds to an absolute error of 2 km s−1 kpc−1.
the inner region of the galaxy (1st and 4th quadrants) and the
outer region (2nd and 3rd). With these idea, in Fig. 15 we rep-
resent the contribution of the inner region (green dots) and the
contribution of the outer region (yellow dots) to the asymme-
try in the kinematics (top) and in the density (bottom). We also
include the total asymmetries computed from the sum over the
positive/negative regions in galactic longitude (black dots) and
over the inner/outer regions of the disk (red dotted line). As ex-
pected, these two quantities agree. This study allows us to deter-
mine that, even though most of the contribution to the asymme-
tries come from the inner part of the galaxy, the outer part has
also some contribution to the determination of the pattern speed
and cannot be neglected.
We have seen that the asymmetries in the kinematics and in
the density play an important role in the determination of the
pattern speed. It would be interesting to study such asymmetries
and to compare them between different types of models. To do
so, we use the normalized quantifiers defined in eq. 7, where
AK/P = 1 indicate maximum asymmetry, and we study three
cases, the first two including only spiral arms and the third being
a comparison between the different types of simulations.
The first case we study corresponds to two identical spiral
arms simulations except for their radial velocity dispersion σU :
TWA1 and TWA10. The result of plotting the asymmetry pa-
rameters computed at each bootstrap when using the selection
function f1 can be found in Fig. 16. As expected, the simulation
corresponding to a cold tracer (TWA1, low velocity dispersion)
has higher values of the asymmetry both in the kinematics and
in the density when compared to a simulation that corresponds
to a hot tracer (TWA10, high velocity dispersion).
For our second case we study if the amplitude of the spiral
arms Asp influenced the asymmetry of the models, and to do so,
we compared two spiral arms simulations identical except for the
amplitude of the arms: TWA1 and TWA12. The result of plotting
the asymmetry parameters computed at each bootstrap when us-
ing the selection function f1 can be found in Fig. 17. We can see
that for a higher amplitude, i.e. higher intensity of the force done
by the spiral arms, it corresponds a higher asymmetry both for
the kinematics and for the density, which is in agreement to what
it was expected as the amplitude of the perturbed surface density
is proportional to the amplitude of the spiral perturbing potential
through Poisson’s equation (Contopoulos & Grosbøl 1986).
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Fig. 15. Asymmetry in the (a) kinematics and in the (b) density as a
function of the limiting radius when using the selection function f3 for
the model TWA10 and a sample size of N = 1 × 107 particles. We
represent the contribution of the inner region (green dots) and of the
outer region (yellow dots), as well as the total asymmetries computed
from the sum over the positive/negative regions in galactic longitude
(black dots) and over the inner/outer regions of the disk (red dotted
line).


















AK vs. AP (f1, N = 1.0E+07)
TWA1 (σU = 20 km s−1)
TWA10 (σU = 40 km s−1)
Fig. 16. Representation of the asymmetry parameter for the kinematics
(AK ) versus the asymmetry parameter for the density (AP) for the spiral
arms simulations TWA1 (black dots) and TWA10 (orange triangles).
The value of the asymmetry parameters come from a 1000 bootstrap
performed using the selection function f1 and all the sample (N = 1 ×
107 particles).
For the third case we compare the normalized asymmetries
for a test particle Galactic bar simulation (barR22), a test par-
ticle spiral arms simulation (TWA0) and a N-body simulation
(NBB5). We are interested in studying how does the type of non-
axysimmetric feature influence in the asymmetry of the model.
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AK vs. AP (f1, N = 1.0E+07)
TWA1 (Asp = 850 (km s−1)2 kpc−1)
TWA12 (Asp = 1300 (km s−1)2 kpc−1)
Fig. 17. Representation of the asymmetry parameter for the kinematics
(AK ) versus the asymmetry parameter for the density (AP) for the spiral
arms simulations TWA1 (black dots) and TWA12 (orange triangles).
The value of the asymmetry parameters come from a 1000 bootstrap
performed using the selection function f1 and all the sample (N = 1 ×
107 particles).








AK vs. AP (f1)
TWA0 (N = 1.0E+07)
barR22 (N = 6.0E+06)
NBB5 (N = 5.0E+06)
Fig. 18. Representation of the asymmetry parameter for the kinematics
(AK ) versus the asymmetry parameter for the density (AP) for the mod-
els TWA0 (blue dots), barR22 (green dots) and NBB5 (orange dots).
The value of the asymmetry parameters come from a 1000 bootstrap
performed using the selection function f1 and all the sample.
In Fig. 18 we represent the asymmetry parameters computed dur-
ing the bootstrap using the selection function f1 for the three
models described. We can observe that the N-body simulation
has the largest asymmetries in the kinematics, but the spiral arms
simulation have the largest asymmetries in the density. More-
over, we can observe that the Galactic bar introduces smaller
perturbations (almost one order of magnitude less), both in the
kinematics and in the density, than the spiral arms. This is due
to the bar being low-massive, M = 1010 M, whereas the Milky
Way bar is being considered nowadays to be M ' 2−3×1010 M
(Wang et al. 2012, Wegg et al. 2015).
5. Particular cases: axisymmetric model and tracers
5.1. Axisymmetric model
We use an axisymmetric model to study whether the method is
capable of recovering the correct pattern speed even with the
absence of a non-axisymmetric structure. We try both selection
functions ( f1 and f3) with different rlim in the case of f3, but
for all of them the results are far from the imposed null pattern
speed. Given that the method determines the pattern speed from
a ratio between the asymmetry in the kinematics and the asym-
metry in the density, the lack of asymmetry in the density distri-
bution for the axisymmetric model makes P → 0, and thus, the
ratio diverges and the imposed value can not be recovered, as it
was expected.
5.2. Tracers
We apply the Tremaine - Weinberg method over all the mock
catalogues described in Section 3.3 using the selection function
f1. We choose to only apply this function as we consider that the
selection of the particles as a function of the extinction and the
magnitude has already been considered with the absorption and
the cuts in magnitude.
A summary of the values obtained can be found in Table 3.
The columns describe, from left to right, the non-axisymmetric
structure contained in the model, the tracer used, the pattern
speed of the model Ωp,sim, the model or mock catalogue used,
the errors applied, the recovered pattern speed Ωp,TW , the 75%
CI and the number of particles used for the computation.
In the case of the mock catalogues for the spiral arms models,
we only recover the imposed pattern speed when using the mock
catalogue TWA10_RC in which we have only the extinction and
the Gaia errors. For all the other cases, the recovered pattern
speed is not in agreement with the imposed one. There are two
possible explanations for that. The first one is that the observa-
tional errors in the distance and in the radial velocity modify the
sample so much that the small perturbations in the kinematics
and in the density that the TW method uses to trace back the pat-
tern speed are erased and, thus, lead to a wrong determination.
And the second possible reason may be the size of the mock cat-
alogue, as we have seen in Section 4.1 that a minimum number
of particles is required to properly described the system and so,
to be able to recover the right pattern speed.
In order to see whether the mock catalogues for spiral arms
are representative of what Gaia is going to observe, we use the
GUMS model, which is a simulated catalogue of the sources
expected to be seen by Gaia. Robin et al. (2012) describe
this model, whose Galactic sources are based on the Besançon
Galactic Model and includes Galactic thin and thick disks, bulge
and halo, based on appropriate density laws, kinematics, star for-
mation histories, enrichment laws, initial mass function, and to-
tal luminosities for each of the populations.
For the F stars and doing a cut for Grvs < 17, the GUMS
model is left with ∼ 8.9 × 107 stars. This result is two orders
of magnitude larger than our largest mock catalogue for F stars.
The low intrinsic brightness of this tracer and the cut in mag-
nitude cause the sample to be very reduced in helicoentric dis-
tances, and thus, to not properly represent the non-axisymmetric
perturbation. This leads us to conclude that the F stars can not be
used as tracers for this method.
In the case of the RC giants and doing a cut for Grvs < 17,
Gaia is going to observe ∼ 1.26×108 stars, which is two orders of
magnitude larger than our largest mock catalogue of RC giants.
But in this case we are correctly recovering the pattern speed for
the mock catalogue in which we have not imposed a constraint
on the observational errors, TWA10_RC. The constraint appears
to be limiting the sample too much. This result indicates that
the RC giants may be a good possible tracer to apply the TW
method.
Given that the bar model barR22 reproduces the surface den-
sity of the RC stars in the Solar Neighbourhood, the mock cata-
logues produced from it have enough particles and are represen-
tative of what Gaia is going to observe. From the results in Table
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Table 3. Summary of the values obtained for the mock catalogues. The columns describe, from left to right, the non-axisymmetric structure
contained in the model, the tracer used, the pattern speed of the model Ωp,sim, the model or mock catalogue used, the errors applied, the recovered
pattern speed Ωp,TW , the 75% CI and the number of particles used for the computation.
Non-axisymmetric Tracer Ωp,sim Model / Errors applied Ωp,TW 75% CI N
feature (km s−1 kpc−1) Mock catalogue (km s−1 kpc−1)
Spiral arms
F stars 12
TWA0 Original 11.8 11.0 12.5 1 × 107
TWA0_F G ≤ 20 + Grvs ≤ 16.1 52.5 48.3 57.9 7.5 × 105
TWA0_F_sbsm Subsample 26.4 26.2 26.6 ∼ 2 × 105
RC giants 18
TWA10 Original 17.9 12.6 19.2 1 × 107
TWA10_RC G ≤ 20 + Grvs ≤ 16.1 18.5 18.3 18.6 3.5 × 106
TWA10_RC_sbsm Subsample 30.3 30 30.6 ∼ 1 × 106
Galactic bar RC giants 50
barR22 Original 63.8 50.9 92.3 6 × 106
barR22_G20 Extinction - G ≤ 20 26.03 26.01 26.04 ∼ 26.3 × 106
barR22_NOE Ext. + Grvs ≤ 15 (real) 24.952 24.941 24.953 ∼ 4.4 × 106
barR22_RCB Ext. + Grvs ≤ 15 (errors) 24.953 24.948 24.960 ∼ 4.4 × 106
3 we can see that the recovered pattern speed does not agree with
the imposed one nor even for the original model. In order to do
a more extensive study, we represent in Fig. 19 the absolute er-
ror between the imposed pattern speed and the recovered one,
|Ωp,sim − Ωp,TW |, as a function of the limiting radius when using
each model for all its particles and the selection function f3. This
selection function is further constraining the smaller samples
(i.e. the cut in magnitude applied can also be understood as a cut
in distance), but it allows to study whether the introduction of the
extinction and the Gaia errors in the mock catalogues has an ef-
fect on the structure of the model (i.e. the divergences inform us
of the compensation of overdensities). It can be seen that the ex-
tinction, represented by the mock catalogue barR22_G20, does
not affect much the determination of the pattern speed, as the er-
rors are within ∼ 2 km s−1 kpc−1 for the radius up to rlim ' 5 kpc.
Further away, the determination becomes much worse. In the
case of the mock catalogues with the Gaia errors (barR22_NOE
represents the real values and barR22_RCB represents the ob-
servational values), we can see there is no difference between
them at all, but the recovered pattern speed is really far away
from the imposed value, |Ωp,sim−Ωp,TW | ∼ 25 km s−1 kpc−1. The
fact that for both catalogues we obtain such a bad result would
indicate that the sample obtained from the constraint over the
observational errors is not the best one to describe the system.
Romero-Gómez et al. (2015) observe that, after introducing the
observational errors for Gaia, the particles did not properly trace
the Galactic bar anymore. Hence, it is not the sample but the
introduction of the observational errors what mostly affects the
determination of the pattern speed.
6. Discussion
6.1. Requirements of the method
The study of the method on some simplistic cases has allowed
us to see some of its requirements:
(1) The at present development of the TW method assumes a
constant pattern speed throughout the disk, Ωp = Ωp(ρ)
where ρ is the galactocentric radius.
(2) As expected, a good knowledge of the selection function
highly influences in the result. This function can account for
the lack of asymmetry introduced by the interstellar extinc-
tion in the form of weighting the particles, but in our study
for the galactic tracers we considered all the particles in the
mock catalogue with equal weight. We assume the proba-
bility of detecting the particles is being applied with the ex-
tinction and the cut in distance, and we recover the imposed
pattern speed in the case of the RC giants for spiral arms.
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|Ωp, sim −Ωp, TW| vs. limiting radius (f3)
Original
Extinction - G< = 20
Ext+Gaia (real) - Grvs < = 15
Ext+Gaia (errors) - Grvs < = 15
Fig. 19. (top) Absolute error between the imposed pattern speed (Ωp,sim)
and the recovered pattern speed (Ωp,TW ) using the selection function f3
up to rlim ∈ [3, 7] kpc for the model barR22 and the mock catalogues
barR22_G20 (extinction - G ≤ 20), barR22_NOE (real values after ex-
tinction + Gaia errors with Grvs ≤ 15) and barR22_RCB (observational
values after extinction + Gaia errors with Grvs ≤ 15). The dashed line
corresponds to an absolute error of 2 km s−1 kpc−1.
(3) The method requires an all-sky sample in order to determine
the pattern speed of the spiral arms, but this can be con-
strained to the inner part of the Galaxy for the Galactic bar if
the tracers go up to the bar. The sample of tracers used has to
be cover a sufficiently high volume of the galaxy, arriving to
r ' 2 − 3 kpc in the case of the spiral arms and r ≥ 6 kpc in
the case of the Galactic bar. For the tracers used, we see that
the F stars do not satisfy this, whereas the RC giants do.
(4) The method is highly sensitive to the stellar density distri-
bution of the tracer population, producing divergences in the
recovered pattern speed if the overdensities get compensated
when doing a cut in distance. The best strategy to overcome
this is,if the sample is big enough, to do a study of the pat-
tern speed going up to different limiting radius to localize
the divergences (as they may give information on the extra
structures generated by the non-axisymmetric feature) and
to identify the imposed pattern speed as the value at which
the recovered pattern speed tends to.
6.2. Will the Tremaine - Weinberg method be applicable to
real data?
We need all-sky spectroscopic surveys (or complementing sur-
veys) for the spiral arms such as Gaia, APOGEE I and II (north
and south, respectively) and WEAVE and 4MOST (north and
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south, respectively) and spectroscopic surveys centered in the
Galactic center for the Galactic bar.
The good recovery of the pattern speed for the spiral arm
mock catalogue of disk RC stars (see Table 3), and the fact that
Gaia is expected to observe two orders of magnitude more RC
giants than the ones contained in our simulations, indicates that
this method is able to determine the pattern speed of the spiral
arms near solar galactocentric radius with a good precision. Un-
fortunately, in the case of the bar mock catalogue, it seems that
the Gaia errors introduced erase the imprint of the bar perturba-
tion and the correct pattern speed can not be correctly recovered
using only radial velocity data, thus WEAVE and 4MOST will
be needed.
As mentioned, the data can also come from complementing
surveys such as APOGEE-I and APOGEE-II which look to the
north and south hemispheres, respectively. The northern survey
has already been completed and the data is available, but the
southern survey is still undergoing.
The difference with Gaia is that they do not cover all sky,
only discrete samplings over the Galactic Plane and they may
not be symmetric between them, so a more complex selection
function must be designed and implemented.
Nowadays, all previous attempts of determining the pattern
speed of the Galactic bar and the spiral arms show that they
are not the same, being Ωp,b ' 50 km s−1 kpc−1 and Ωp,sp '
18− 30 km s−1 kpc−1, respectively (Gerhard 2011). Debattista et
al. (2002) argue that, if several pattern speeds exist in the disk,
the recovered pattern speed will be the average one. Hence, this
method is not capable of distinguishing both pattern speeds. In
the future, we might overcome this problem by studying different
ranges in distance and using distinctive tracers for the Galactic
bar and the spiral arms.
A way to improve the method could be if, instead of being
derived only for radial velocities, a new mathematical develop-
ment is done using proper motion data. As known, the Gaia sur-
vey will provide a much larger proper motion survey with higher
accuracy than the radial velocity survey.
7. Summary and conclusions
The main goal of this thesis is to evaluate whether the TW
method as derived by Debattista et al. (2002) will be applicable
to determine the pattern speed of the Galactic bar and the spiral
arms of the Milky Way. To do so, we use test particle and N-
body simulations, as well as test particle mock catalogues using
both hot and cold tracers. We examine independently two non-
axisymmetric features in the test particle simulations, a Galactic
bar and two TWA spiral arms, which correspond to simplistic
cases. We characterize the statistical errors as the 75% CI of the
bootstrap distribution of recovered pattern speeds.
We can summarize the work done in this thesis when evalu-
ating the application of the TW method considering radial veloc-
ity data and knowledge of the heliocentric distance of the stars
as follows:
(i) The results from Sect. 4.2.1 indicate that the method needs
to be applied to all-sky data in order to determine the pattern
speed of the spiral arms, but it can be constrained to the inner
region of the Galaxy (as long as the sample arrives up to, at
least, r ' 6 kpc) for the determination of the Galactic bar.
(ii) Studying the recovered pattern speed when applying the
TW method to different sample sizes and different subsam-
pling given a sample size (see Figs. 5 and 6), we see that,
for samples larger than a certain number of particles, the
model is better described. We can consider that number to
be Nmin ' 106 particles for both the Galactic bar and the
spiral arms.
(iii) Eq. 5 indicate that both the asymmetries in the kinematics
and in the density can be studied for different galactic regions
(see Fig. 15).
(iv) Since the pattern speed is determined from a ratio of the two
asymmetries, a compensation in the overdensities when go-
ing up to a certain radius cause the pattern speed to diverge
(see Fig. 10 (top)), thus making the method very sensitive to
the stellar density distribution of the tracer population. The
strength of the response structures increase with the imposed
pattern speed, so the limiting radius at which the compensa-
tion occurs also increases with the pattern speed of the model
(see Fig. 10 (middle)).
(v) The constant pattern speed assumed by the method and the
existence of two non-axisymmetric features instead of one,
play an important role in the poor determination of the pat-
tern speed for the N-body simulations (see Fig. 14).
(vi) In the spiral arm case, neither the strength of the arms
nor the tracer used influence in the determination of the
pattern speed, as the absolute errors are of the order of
∼ 2 km s−1 kpc−1, with respect to the pattern speed of the
model (see Figs. 12 and 13).
(vii) As expected and as seen in Figs. 16 and 17, both the cold
tracers and the strongest spiral arms introduce larger asym-
metries in their respective models when compared to equal
models for hot tracers and weak spiral arms, respectively.
(viii) The low mass of the bar introduces smaller asymmetries than
the TWA spiral arms and the higher complexity of the N-
body simulations is reflected in larger kinematic asymme-
tries (see Fig. 18).
(ix) The extinction applied on the bar model barR22 does not
affect the determination of the pattern speed when doing cuts
in distance, but the introduction of the Gaia errors erase the
imprints of the bar (as seen in Romero-Gómez et al. 2015)
and leads to a wrong determination of the pattern speed (as
seen in Fig.19).
The main conclusions of this work are:
1. In order to recover the imposed pattern speed, the sample has
to cover all-sky and has to go up to r ' 2−3 kpc for the spiral
arms models, whereas for the Galactic bar, the sample can be
constrained to the inner region of the Galaxy if it goes up to
r ≥ 6 kpc.
2. The limitation on the heliocentric distance covered due to the
low intrinsic brightness of the F stars and the small size of
our mock catalogues (two orders of magnitude less than what
Gaia is expected to observe), make this tracer not suitable for
the TW method.
3. The TW method can be applied to RC giants observed by
Gaia to determine the pattern speed of the spiral arms.
4. The symmetry requirement proves to be esencial for the de-
termination of the pattern speed, thus being necessary for
the new large spectroscopic surveys such as WEAVE and
4MOST to satisfy it. We hope the teams designing the future
large spectroscopic surveys take into account this suggestion.
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Appendix A: Results of applying the Tremaine -
Weinberg method on the simulations
A summary of the recovered pattern speed, with its 75% CI, for
all the models and mock catalogues can be found in Table A.1.
The columns contain, from left to right, the type of simulation,
the non-axisymmetric feature contained, the model, the imposed
pattern speed Ωp,sim, the selection function f (r) used, the recov-
ered pattern speed Ωp,TW , the 75% CI and the number of particles
used for the computation.
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d
Ω
p,
T
W
,t
he
75
%
C
I
an
d
th
e
nu
m
be
r
of
pa
rt
ic
le
s
us
ed
fo
r
th
e
co
m
pu
ta
tio
n.
Ty
pe
of
N
on
-a
xi
sy
m
m
et
ri
c
M
od
el
Ω
p,
si
m
f(
r)
Ω
p,
T
W
75
%
C
I
N
um
be
ro
f
si
m
ul
at
io
n
fe
at
ur
e
(k
m
s−
1
kp
c−
1 )
(k
m
s−
1
kp
c−
1 )
pa
rt
ic
le
s
Te
st
pa
rt
ic
le
G
al
ac
tic
ba
r
ba
rR
20
40
f 1
41
,2
37
,1
45
,9
6
×
10
6
f 3
(r
lim
=
4
kp
c)
39
,5
36
,2
45
,4
ba
rR
21
60
f 1
-2
06
7,
6
-3
86
,7
39
9,
6
f 3
(r
lim
=
4
kp
c)
58
,0
54
,9
61
,6
ba
rR
22
50
f 1
63
,8
50
,9
92
,3
f 3
(r
lim
=
4
kp
c)
49
,0
46
,5
52
,1
Sp
ir
al
ar
m
s
TW
A
0
12
f 1
11
,8
11
,0
12
,5
10
7
f 3
(r
lim
=
4
kp
c)
12
,0
11
,4
12
,3
TW
A
1
18
f 1
16
,5
15
,2
18
,5
f 3
(r
lim
=
4
kp
c)
18
,2
13
,9
18
,6
TW
A
3
30
f 1
26
,3
23
,7
31
,4
f 3
(r
lim
=
4
kp
c)
29
,4
29
,1
30
,0
TW
A
10
18
f 1
17
,9
12
,7
19
,2
f 3
(r
lim
=
4
kp
c)
16
,9
14
,4
19
,0
TW
A
12
18
f 1
16
,3
16
,5
19
,3
f 3
(r
lim
=
4
kp
c)
19
,7
8,
6
20
,1
N
–
bo
dy
G
al
ac
tic
ba
r
N
B
B
1
35
f 1
-1
,9
-2
,9
-0
,9
∼
10
6
f 3
(r
lim
=
4
kp
c)
30
,2
29
,7
30
,8
an
d
sp
ir
al
ar
m
s
N
B
B
5
25
f 1
12
9,
7
11
9,
5
14
2,
2
∼
5
×
10
6
f 3
(r
lim
=
4
kp
c)
24
,7
24
,5
24
,9
M
oc
k
ca
ta
lo
gu
e
Sp
ir
al
ar
m
s
TW
A
0_
F
12
f 1
52
,5
48
,3
57
,9
∼
7.
5
×
10
5
TW
A
0_
F_
sb
sm
26
,4
26
,2
26
,6
∼
2
×
10
5
TW
A
10
_R
C
18
18
,5
18
,4
18
,6
∼
3.
5
×
10
6
TW
A
10
_R
C
_s
bs
m
30
,3
29
,9
30
,6
∼
1
×
10
6
G
al
ac
tic
ba
r
ba
rR
22
_G
20
50
26
,0
3
26
,0
2
26
,0
5
∼
2.
63
×
10
7
ba
rR
22
_N
O
E
24
,9
52
24
,9
41
24
,9
53
∼
4.
4
×
10
6
ba
rR
22
_R
C
B
24
,9
54
24
,9
48
24
,9
59
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